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�.0� (�à�) ©{�ÅiÄ (BRW)

©{�ÅiÄ

10�µZ0 = 1, V (∅) = 0. ±:L§ L �)1��.

1��z�âfÕÕÕááá///± L �)e��, ±daí, z�z�âfÑU

ìL�)e��. d=�à�©|�ÅiÄ(BRW).

�g�w�Ä�ØÓ��âf�û���:L§�Å���/.
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�.0� ÕáÓ©Ù��Å�¸

�m�Å�¸©{�ÅiÄ

�ÿ�m (Π,FΠ), é∀ω ∈ Π, ω Ñ´(½ÑéAu)��:L§"

i.i.d. L1, L2, . . . ,Ln, . . . ��u (Π,FΠ), L1 �©ÙÆP� PΠ.

ò (Π,FΠ, PΠ) �Ã¡�¦ÈVÇ�mP� (Π∞,FΠ∞ ,PΠ∞).

d¦È�m¡����¸̧̧���mmm.

L := (Ln, n ∈ N+) ¡����¸̧̧SSS���.
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�.0� �½�¸��¸°Ä���à©{�ÅiÄ

���½½½ L ���������¢¢¢yyy L := (Ln, n ∈ N+) ���, L UUUXXXeee���ªªª°°°ÄÄÄ������������ààà���

©©©|||���ÅÅÅiiiÄÄÄ.

0 ��, yk φ  u¢����:.

1 ��, yk φ k�¿Ó��ì:L§L1�) N(φ) �¯f, z�¯f�

éu φ � £� ζi(φ), 1 ≤ i ≤ N(φ). ù
¯f�¤
XÚ�1 1 �.

3 n+ 1 ��, 1 n ��z�âf u �k�¿(�pÕá/)�ì:L

§Ln+1�) N(u) �¯f, ù
¯f��éuÙI� u � £

� ζi(u), i ≤ N(u). d=1 n+ 1 �.

éXÚ¥?¿/âfu, X(u) := (N(u), ζ1(u), ζ2(u), ...ζN (u)) �pÕá.

nþ��, Law(X(u)) = Ln+1, |u| = n.
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�.0� quenched law Ú annealed law

òþã��à©{�ÅiÄ¤3�VÇ�mP� (Γ,FΓ,PL).

PL: quenched law. éA�Ï"P� EL.

3�m (Π∞ × Γ,FΠ∞

⊗
FΓ) þ½ÂVÇ P := PΠ∞

⊗
PL, =

P(F ×G) =

∫
L∈F

PL(G) dPΠ∞(L), ∀F ∈ FΠ∞ , G ∈ FΓ.

P(Π∞ × ·): annealed law (=P3Γþ�>S©Ù, PÒEP�P).

éA�Ï"P� E. ·�òXþ½Â�

���ÅÅÅ���¸̧̧©©©{{{���ÅÅÅiiiÄÄÄ{{{������ BRWre.

AAAOOO///, � L1 ±VÇ 1 � Π ¥�,���:�, ù¿�XXÚ

¥z�âf u ¤éA��Å�þ (N(u), ζ1(u), ζ2(u), ...ζN (u)) Ñ

Ñl�Ó�©Ù, Kþã�.Òòòòzzz��� BRW.
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æN¯K

uþV90c�Lubachevsky, B., Shwartz, A. and Weiss, A.é¿1�

[ (parallel simulation)�ïÄ.

¤¢“æN”, ¢S´���K�ê8(generation)þ�¼ê ϕ : N→ R.

éu (�Å�¸) ©{�ÅiÄ�z��äN�¢y, ···���£££ØØØKKK¤¤¤kkk÷÷÷

vvv V (x) > ϕ(|x|) ���âââfff x, ¿¿¿£££ØØØKKKùùù


âââfff���¤¤¤kkk������.

²Lù��£Ø����#XÚÒ�¡��æN (ϕ) � (�Å�¸) ©{�Å

iÄ.
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ã« �æN� BRW
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\\æN��[È�¹VÇ

b½.©|L§þ�., \\æN���Ä�¯K:

¯µ´Ä�3�^Ã¡´»

x0 = ∅ < x1 < x2 < · · · , |xi| = i, i ≥ 0, (ùpx < x′L«x´x′�I�)

¦�é ∀i ∈ N, Ñk V (xi) ≤ ϕ(i).

=\\æN ϕ �XÚ�¹VÇ

Psurv(ϕ) := P{�3�^Ã¡´», ¦� V (xi) ≤ ϕ(i), ∀i ∈ N} = 0?, > 0?

Psurv(ϕ) �ϕ �'X; Psurv(ϕ) = 0�, «ý�Ý?
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ïÄ�µ �� �

æN¯KI�ïá3éXÚ�� �4�1��ïÄþ.

�� �: Mn = min|x|=n V (x).

Hammersley (1974), Kingman (1975), Biggins (1976), �� ��

1��4�1�Mn = O(n).

Hu, Shi (2009), Addario-Berry, Reed (2009), �� ��

1��4�1�Mn − γn = O(lnn).

Äıdékon (2013), �� ��fÂñ1�

P(Mn − γn− b lnn > z)→ C(z).
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ïÄ�µ �æN� BRW ��¹VÇ

3κ(t) = lnE
(∑

x:|x|=1 e
−tV (x)

)
�é1w�cJe

(Biggins et ala(1991)) �æN¼ê ϕ(i) = γi+ ai �:

(1)ea > 0, K Psurv(ϕ) > 0; (2)ea ≤ 0, K Psurv(ϕ) = 0.

Gantert, et. al.b(2009) ∃c < 0, s.t. a ↓ 0,
√
a lnPsurv(ϕ)→ c.

(Jaffuelc(2012)) �æN¼ê� ϕ(i) = γi+ ai1/3, �3�ê ac ¦�:

(1)e a > ac, K Psurv(ϕ) > 0; (2)e a < ac, K Psurv(ϕ) = 0.

aA branching random walk with a barrier. Ann. Appl. Probab. 1, 573-581.
b Asymptotics for the survival probability in a killed branching random walk. Ann.

Inst. Henri Poincaré Probab. Stat. 47(1), 111-129.
cThe critical barrier for the survival of the branching random walk with absorption.

Ann. Inst. Henri Poincaré Probab. Stat. 48 (4), 989-1009.

*�a = ac�, Shi(2015) ßÿ3Ü·��È5^�e,�,kPsurv(ϕ) > 0.

Liu,Zhang(2019) α-stable BRW�æN¯K.
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ïÄ�µ «ý�Ý

Psurv(ϕ) := P{�3�^Ã¡´», ¦� V (xi) ≤ ϕ(i), ∀i ∈ N}

½Â1n�3�<�ê Yn := ]{|u| = n : ∀i ≤ n, V (ui) ≤ ϕ(i)},

�æN¼ê� ϕ(i) = γi+ aiα (±ec1, c2, c3�K, c1, c3�ak')

Jaffuela(2012) e α = 1
3 , 0 < a < ac, K lim

n→∞
ln P(Yn>0)

3
√
n

= c1.

Äıdékon, Jaffuelb(2011) e©|Å�� b−�ä (b ≥ 2),

(1) � a = 0, K lim
n→∞

ln P(Yn>0)
3
√
n

= c2. (2) � a < 0, α = 1, lim
n→∞

ln P(Yn>0)
n = c3.

aThe critical barrier for the survival of the branching random walk with absorption.
Ann. Inst. Henri Poincaré Probab. Stat. 48(4), 989-1009.

bSurvival of branching random walks with absorption. Stochastic Process. Appl.
121, 1901-1937.
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ïÄ�µ BRWre ®k�ïÄ

Biggins, Kyprianou (2004) Ú\
 BRWre �..

Huang, Liu (2014) ïÄ
Ù�� (m)  ��1��4�1�±9� �

¯K.

Gao, Liu (2014,2016) éd�.�¥%4�½n?1
[��\�ïÄ.

Wang, Huang (2017) &?
d�.�¥ �Ú�Âñ¯K.

·�'5�´d�.�æN¯K.
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ïÄ�µ BRWre�� �1���1�

e¡�(Øé·�XÛ��æN¼êkX�é«:

(Mallein, Milosa(2019)) 1���� �4��L�Xeµ

inf |x|=n V (x)− Γn

log n
→ C, in Probability.

Ù¥Γn = −ϑ−1Kn, Kn ´����¸k'��ÅiÄ, ϑ ´��~ê.

aMaximal displacement of a supercritical branching random walk in a
time-inhomogeneous random environment. Stochastic Process. Appl. 129(9),
3239-3260.

ù�(Øw�·�, �,BRW: Mn − γn = O(lnn),

�Mn − nE(Γ1) 6= O(lnn), ´Mn − Γn = O(lnn).
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ïÄ�µ Kn �äN¹Â

½Â

κn(θ) := lnEL

N(u)∑
i=1

e−θζi(u)

 , θ ≥ 0, |u| = n− 1.

b� ∀θ ≥ 0, Ñk E(κ1(θ)−) < +∞. u´�±½Â

κ(θ) := E(κ1(θ)) ∈ (−∞, +∞].

2b�∃θ > ϑ > 0, κ(θ) < +∞, κ(ϑ) = ϑκ′(ϑ), ½Â

K0 = 0, Kn =

n∑
i=1

κi(ϑ).
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ïÄ�µ �Å�¸eæN¼ê���

æN¼ê�(á

�½�¸µMn − γn = O(lnn), æN¼ê���ϕ(n) = γn+ anα.

�Å�¸µMn − Γn = O(lnn). Ïd·�ò

æN���ϕL(n) = Γn + anα (5¿d�æN�C��Å�).

�é�Å�¸, ·��&¢�æN¯K:

��¸d�½C��Å�(BRWC�BRWre�), �A/þã(J3Û�E

¤á? ì?1�kÛØÓ? (�Å�¸�5�K�)

þã(J3Û«Âñ¿Âe¤á? (�Å�¸ïÄ�AÚ��)
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Ì�(J �æN� BRWre �¹�«ý��½½n

S := {∃u∞ ∈ T∞, ∀i ∈ N, V (ui) ≤ ϕL(i)},
Yn := ]{|u| = n : ∀i ≤ n, V (ui) ≤ ϕL(i)}.

½n 1 Lv&Hong (2023+)

�æN¼ê� ϕL(i) = −ϑ−1Ki + aiα, 3�½b�e, P− a.s. ¿Âekµ

(1) � α > 1
3 , a > 0 �, ½ α = 1

3 , a > a∗ �, k PL(S) > 0.

(2) � α = 1
3 , a < a∗ �, ½ α ∈ (0, 1

3 ) �, k PL(S) = 0.

(3) � α = 1
3 , 0 < a < a∗ �, k lnPL(Yn>0)

3
√
n

→ d1. (d1�ak').

(4) � α ∈ (0, 1
3 ), a ≥ 0 �, k lnPL(Yn>0)

3
√
n

→ d2. (d2�aÃ').

a∗ > 0, d1, d2 < 0, nö���ÅCþκ1(ϑ), κ′1(ϑ), κ′′1(ϑ)k'.

½n 2 Lv (2023+)

3�½b�e, þã(3),(4)3Lp(p ≥ 1)¿Âe�¤á.
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Ì�(J n«Âñ�¿©^�

PM1 := ELT1, U1 := T1 −M1. ùp(T1, ξ1) ÷v

PL (T1 ≤ x, ξ1 ∈ [0, A]) = EL

(
1{N≤A}

∑N
i=1 1{ζi≤x}e

−ϑζi−κ1(ϑ)
)
.

—————————

Sufficient conditions for In Prob (çÚ), a.s. (ç+7), Lp, p ≥ 1 (ç+ù)

£Á κ(θ) := E(κ1(θ)),

κ(0) > 0, ∃θ > 0, ϑ ∈ (0, θ), ¦�κ(θ) < +∞, κ(ϑ) = ϑκ′(ϑ).

∃λ1 > 2, (λ1 > 3) λ2 > 2, E(|M1|λ1) + E
([

EL(|U1|λ2)
]λ1
)
< +∞.

∃λ3 > 3, (λ3 > 6) λ4 > 1,

E(|κ1(ϑ+ λ4)|λ3) + E(|κ1(ϑ)|λ3) + E([log+ EL(Nλ4)]λ3) < +∞.
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Ì�(J n«Âñ�¿©^�

In Prob (çÚ), a.s. (ç+7), Lp, p ≥ 1 (ç+ù)

∃λ5 > 0, λ6 ≥ 1, (λ6 > 2, λ6 > p), ε > 0,

E
(
| logPL(N ≤ λ5, T1 ∈ [−λ5,−ε])|λ6

)
< +∞

E
(
| logPL(N ≤ λ5, T1 ∈ [0, λ5])|λ6

)
< +∞.

min(λ1, λ3/2) > λ6/(λ6 − p), E(M2
1 )/E(U2

1 ) < (λ2 − 2)/(λ1 − 2).
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Ì�(J ¿©^��©Û

±þÃ^��©�üa

(R1). é|M1|, |U1|, N�m����. (R2). éPL(T1 ≥ 0),PL(T1 ≤ 0)��

����.

XÛ÷v: (R1). κ(ϑ)k�½�1w5; (R2). T13?�¶Ñk©Ù.

��¿Â: (R1). �é���m��©{/iÄ1�, ¿�yBRWre'é�

iÄ�quenched� �VÇ(/X)PL(maxi≤n |Ti| ≤ n1/3) �a.s. Âñ;

(R2). �écA��©{/iÄ1�, ¿�yBRWre'é�iÄ

�quenched� �VÇ�LpÂñ;

£�æN�ϕL(i) = −ϑ−1Ki + aiα, V (φ) = 0. £�(Ø:

(2) � α = 1
3 , a < a∗ �, ½ α ∈ (0, 1

3 ) �, k PL(S) = 0.

(3) � α = 1
3 , 0 < a < a∗ �, k lnPL(Yn>0)

3
√
n

→ d1 ∈ (−∞, 0).

(R1)v±4(2)¤á�Øv±4(3)¤á.
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Ì�(J ¿©^��©Û

±þÃ^��©�üa

(R1). é|M1|, |U1|, N�m����. (R2). éPL(T1 ≥ 0),PL(T1 ≤ 0)��

����.

XÛ÷v: (R1). κ(ϑ)k�½�1w5; (R2). T13?�¶Ñk©Ù.

��¿Â: (R1). �é���m��©{/iÄ1�, ¿�yBRWre'é�

iÄ�quenched� �VÇ(/X)PL(maxi≤n |Ti| ≤ n1/3) �a.s. Âñ;

(R2). �écA��©{/iÄ1�, ¿�yBRWre'é�iÄ

�quenched� �VÇ�LpÂñ;

£�æN�ϕL(i) = −ϑ−1Ki + aiα, V (φ) = 0. £�(Ø:

(2) � α = 1
3 , a < a∗ �, ½ α ∈ (0, 1

3 ) �, k PL(S) = 0.

(3) � α = 1
3 , 0 < a < a∗ �, k lnPL(Yn>0)

3
√
n

→ d1 ∈ (−∞, 0).

(R1)v±4(2)¤á�Øv±4(3)¤á.
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Ì�(J n«Âñ�¿©^�

<Ú5`, |M1|, |U1|, N�m�, PL(T1 ≥ 0),PL(T1 ≤ 0)�����, �N

´Pk�«Âñ5. $�3LpÂñ��/e, |M1|, |U1|, N��È5
Ú| lnPL(T1 ≥ 0)|, | lnPL(T1 ≤ 0)|��È5�±p�ÖÃ, ù�:Nyu

þã^�¥�

min(λ1, λ3/2) > λ6/(λ6 − p).

�âÿÝC�,M1 = κ1(ϑ)− ϑκ′1(ϑ). M1����±À��Å�¸�(J

�5K�. þ¡�¤k(JÑw«
�E(M2
1 )���, {Yn ≥ 1} ÚS u)

�VÇ¬��. 5¿��Å�¸òz�, E(M2
1 ) = 0.
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Ì�(J ��½�¸�é'

±þÃ^���©�ü��Ý
(1) é�¸�m��¦. (2). équenched¢y��¦.

£�þã�VÇÂñ�o�^�,Ù¥çÚÜ©´�à�¸��I��,k

ÚÜ©K´3�à�¸eU,¤á�.

κ(0) > 0, ∃θ > 0, ϑ ∈ (0, θ), ¦�κ(θ) < +∞, κ(ϑ) = ϑκ′(ϑ).

∃λ1 > 2, λ2 > 2, E(|M1|λ1) + E
( [

EL(|U1|λ2)
]
λ1

)
< +∞.

∃λ3 > 3, λ4 > 1,

E(|κ1(ϑ+ λ4)|λ3) + E(|κ1(ϑ)|λ3) + E([log+ EL(Nλ4)]λ3) < +∞.

é'E([log+ EL(Nλ4)]λ3) < +∞ ÚE(Nλ4) < +∞.

∃λ5, ε > 0, λ6 ≥ 1, E
(
| logPL(N ≤ λ, T1 ∈ [−λ5,−ε])|λ6

)
< +∞.
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Ì�(J ��½�¸�é'

±þÃ^���©�ü��Ý
(1) é�¸�m��¦. (2). équenched¢y��¦.

£�þã�VÇÂñ�o�^�,Ù¥çÚÜ©´�à�¸��I��,k

ÚÜ©K´3�à�¸eU,¤á�.

κ(0) > 0, ∃θ > 0, ϑ ∈ (0, θ), ¦�κ(θ) < +∞, κ(ϑ) = ϑκ′(ϑ).

∃λ1 > 2, λ2 > 2, E(|M1|λ1) + E
( [

EL(|U1|λ2)
]
λ1

)
< +∞.

∃λ3 > 3, λ4 > 1,

E(|κ1(ϑ+ λ4)|λ3) + E(|κ1(ϑ)|λ3) + E([log+ EL(Nλ4)]λ3) < +∞.

é'E([log+ EL(Nλ4)]λ3) < +∞ ÚE(Nλ4) < +∞.

∃λ5, ε > 0, λ6 ≥ 1, E
(
| logPL(N ≤ λ, T1 ∈ [−λ5,−ε])|λ6

)
< +∞.
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÷v±þb��~f

~~~1µéuL1�?Û��¢y(=��:L§)m�÷v: ©|Å�N �iÄÅ

�(ζi, i ≤ N) �Õá, {ζi, i ≤ N} ÕáÓ©Ù, Ù�Ó©Ù�N (µ, σ2), N�L
��©Ù(±þN, ζ, µ, σ���m�ØÓØÓ). XJ�3�~

êτ1 > 6, τ2 > 4¦�

E(logELN(m)) > 0, E[(log+N(m))τ1 ] < +∞,

E(σ(m)2τ1) < +∞, E(σ(m)−τ2) < +∞.

@odù��L1°Ä�BRWre÷vþ¡��Ü^�.
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y²Vã

y²�âVitaliÂñ½n, ¿(ÜÿÝC�(many-to-oneÚn),

r%C�nÚ��Ý�{, �'���Ú3uy
²∀0 ≤ b ≤ a ≤ 1,∃r > 0,

sup
n

E

(∣∣∣∣ln inf
|x|≤a

√
n
PL

(
∀i≤n

∣∣∣∣ Ti√n
∣∣∣∣ ≤ 1,

∣∣∣∣ Tn√n
∣∣∣∣ ≤ b, ξi ≤ er√n∣∣T0 = x

)∣∣∣∣p) < +∞.

²L�X��O, þ¡�quenchedVÇ 3P-4�VÇe ����Å�¼

gn(Mi, i ≤ n)

Ó�, {Mn} ´{Tn}�quenched mean S�, �3P-4�VÇegn(Mi, i ≤ n)Ø

¬�n→ +∞ªuÃ¡�.
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ïÄóä � �¯K

éui.i.d. S�Ü©ÚSn, kXe(J.

(Mogul’skĭıa,1974) � g(s) � h(s) ´½Â3 [0, 1] þ�ü�ëY¼ê�÷

v g(s) < h(s), ∀s ∈ [0, 1]. - α ∈ (0, 1
2 ), x ∈ (g(0), h(0)), éuÏ"� 0 �

� σ2 k���ÅiÄ S Òk

lim
n→+∞

lnP
(
∀i≤nSi ∈ [g( in )nα, h( in )nα]|S0 = x

)
n1−2α

= −
∫ 1

0

π2σ2

2(h(s)− g(s))2
ds.

aSmall deviations in the space of trajectories. Theory Probab. Appl. 19, 726-736.

)ûBRWreæN¯K��óä��´RWre�� ��n.
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�.0� RWre

µ := {µn}n∈N∗ , i.i.d. ��u{R þ�NVÇÿÝ}.

�½µ�,��¢y�, Ú\���pÕá��ÅCþ {Xn}n∈N∗ , Xn �©Ù

� µn, PSn :=
∑n
i=1Xi, @oÒ¡ {Sn}n∈N ´��

���mmm���ÅÅÅ���¸̧̧eee������ÅÅÅiiiÄÄÄ(RWre).

Pµ : quenched law;

P: annealed law.
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½n 3 Lv, Hong (2023)

∀α ∈ (0, 1
2 ), a ∈ [0, 1), b ∈ (0, 1]. g,ê�{tn}, K3�½^�e(¥%�,�È

5)¬k

sup
x∈R

lnPµ

(
∀0≤i≤n |Stn+i| ≤ nα

∣∣∣Stn = x
)

n1−2α
→ C < 0.

inf
|x|≤anα

lnPµ

(
∀0≤i≤n |Stn+i| ≤ nα, |Stn+n| ≤ bnα

∣∣∣∣∣Stn = x

)
n1−2α

→ C.
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1. Lv, Hong (2023)�Ñ
þãü�Âñ3P− a.s.¿Âe¤á��|¿©^�,

Ù¥¿ØI�éPL(S1 ≤ 0),PL(S1 ≥ 0)��VÇ?1��.

2. Lv (2023+)�Ñ
þãü�Âñ3Lp¿Âe¤á��|¿©^�, e¡��

/`²��yLp(p ≥ 1)ÂñKÖ7éPL(S1 ≤ 0),PL(S1 ≥ 0) ���VÇ?1

7����.

3. Þ�4à�/. �P(PL(S1 ≥ ε) = 1) := p > 0, @

oP(Pµ

(
∀0≤i≤n |Sn| ≤ nα

)
= 0) ≥ pn. ù¿�Xþãü��ÅS�¥z��

Ñ¬±��VÇ��+∞, ùw,Ø�U¬Lp Âñ�,�~ê.
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